Abstract -In this paper, we propose a novel peak-to-average power ratio (PAPR) reduction method based on optimum basis function design for wavelet packet modulation schemes. We first establish a cost function to be optimized by analytically deriving an upper bound for the PAPR. The cost function is then used to design the optimum basis function. Simulation results show that the proposed optimum basis function achieves significant PAPR reductions when compared to the conventional Daubechies basis function. In addition, it is also shown that a superior PAPRbandwidth tradeoff can be achieved through the proposed basis function over the conventional one.
I. INTRODUCTION
Wavelet packet modulation (WPM) is a promising alternative to orthogonal frequency division multiplexing (OFDM). A key advantage of WPM is that it attains a higher bandwidth (BW) efficiency than OFDM due to a higher subchannel spectral containment [1] . As a result, WPM is better able to ameliorate narrowband interferences than OFDM. Furthermore, unlike OFDM, WPM does not employ a cyclic prefix, and therefore it is more suitable for multicarrier systems employing a small number of sub-channels under highly frequency-selective fading conditions [2] .
However, like OFDM, WPM also suffers from high peakto-average power ratios (PAPR). PAPR reduction methods for OFDM have been well studied in the literature (see [3] and references therein). For WPM, some PAPR reduction methods such as multi-pass tree pruning [4] , the threshold-based method [5] , and clipping [4] [5] have been considered, recently. In the multi-pass tree pruning method, the full wavelet packet tree is pruned to have the minimum PAPR. However, this method reduces the number of sub-channels and requires the side information about the pruned tree to be sent to the receiver. Furthermore, in multicarrier systems, the BWs of the sub-channels need to be smaller than the coherence BW of the channel. Using the multi-pass tree pruning approach does not guarantee that all sub-channel BWs are smaller than the coherence BW, and thus, can make the system more vulnerable to frequency-selective fading. The threshold-based and the clipping methods reduce the PAPR by using upper/lower thresholds to limit the amplitude of the transmitted signal. This, however, is disadvantageous since these methods introduce in-band distortions and out-of-band Funding for this work is provided in part by the Natural Sciences and Engineering Research Council (NSERC) of Canada, the Vietnamese Overseas Scholarship Program (VOSP), the Alberta Ingenuity Fund, the Alberta Informatics Circle of Research Excellence (ICORE), TRLabs, and the University of Calgary.
power emissions which in turn result in degraded system performance and increased adjacent channel interference.
To avoid these disadvantages, we propose a novel PAPR reduction method that is based on optimum basis function design for WPM. We first establish a cost function to be optimized by deriving an upper bound for the PAPR. The cost function is then used to design the optimum basis function. It is shown via simulations that the proposed optimum basis function achieves significant PAPR reductions when compared to the conventional Daubechies basis function. In addition, it is also shown that a superior PAPR-BW tradeoff can be achieved through the proposed basis function over the conventional one.
The rest of the paper is organized as follows. An overview of the WPM scheme is presented in Section II. Next, in Section III, we present the details of the proposed PAPR reduction method. This is followed by simulation results in Section IV. The conclusions are then presented in Section V. Throughout the paper, we use the notations 
II. WAVELET PACKET MODULATION SCHEMES
As opposed to OFDM systems which use complex exponentials as basis functions, the WPM schemes use two sets of finite support 1 basis functions called scaling and wavelet functions [2] . The scaling and wavelet functions can be flexibly chosen to satisfy various design constraints. In general, the scaling and wavelet functions are realized via halfband low pass and high pass filters which form a quadrature mirror filter (QMF) pair. Letting ( ) h n and ( ) g n respectively denote the impulse responses of the low pass and high pass filters, the QMF pair satisfies the relationship [2] ( ) ( ) ( )
where 2N is the length of the filters. In designing the basis function, ( ) h n is chosen such that the following conditions are met [6] :
o the filter length of ( ) h n must be even (i.e., 2N ),
wherein ( ) k δ denotes the Kronecker delta. From (3), it is easily seen that
In WPM schemes, the QMF pair is applied successively to multiplex independent data signals onto multiple sub-channels. Fig. 1 shows a typical WPM transmitter employing 8 subchannels.
Here, the signals QMF pairs. Now, given the baseband equivalent discrete output signal ( ) y n , the PAPR is defined as
where { } E • denotes statistical expectation.
III. PROPOSED PAPR REDUCTION METHOD
In this section, we propose a PAPR reduction method for WPM schemes employing M levels of QMF pairs. Firstly, we derive an upper bound of the PAPR in Section III.A. Then, in Section III.B, the optimum basis function (i.e., ( ) h n ) that minimizes the PAPR upper bound is designed.
A. Upper bound of PAPR
Let us consider the x n of the considered QMF pair are assumed to be independent wide-sense stationary sequences with a mean of zero. We next define the correlation function of 2 1 ( ) 
Then, the output of the low pass filter is given by
where
z is a zeromean vector, it can be easily seen from (8) 
where ( )
Note that the third equality in (9) follows from the property
Furthermore, from the definition in (7), the ( , ) th i j element of z R can be written as
Next, substituting (10) into (9) yields
Level 2 Level 3 Fig. 1 . A typical WPM transmitter with 8 sub-channels. 
Likewise, following the steps in (6)-(11) and using (1), it can be shown that 
Now, substituting (3)-(4) into the last equality of (13), we have 
Furthermore, following the procedure in (9)- (14), it can be shown that 
Hence, from (14)-(15), we infer that the average powers of the output and the two input signals corresponding to the th p 2 Note that this equality holds due to the following reasons. Firstly, the 2 M independent input signals of the first level will all have the same correlation function since these signals are statistically identical. In the first level, these independent input signals will be processed by 1 
2
M − identical QMF pairs to produce ( ) h n that minimizes this cost function in the next sub-section. Lastly, using (2), we note that the lowest possible value the cost function can take on is 2 since ( ) ( ) 2 . ( 2) sin ( 2) sin ( 2) cos( ) . (23)- (24), we show that the
Hence, from the last inequality in (26), a constraint for choosing { } i a can be chosen as follows:
Now, the optimum basis function can be designed by
under the constraint in (27). To do this, we proceed as follows. First, we set the range of coefficient 1 a to be
Next, in order to satisfy the constraint in (27), the ranges of the remaining coefficients i a ( 2, 3, ,
A a A − ≤ ≤ , wherein
We then choose an instance of each coefficient from the corresponding range in steps of 1 A B . Here, B controls the step size which can be flexibly chosen to meet a desired level of accuracy. Once all the coefficients { } We next analyze the PAPR-BW tradeoff associated with the various basis functions under consideration. Let us introduce a BW factor γ β which is directly proportional to the γ -effective BW 3 of the final output signal (see [9] for a mathematical definition of γ β 
V. CONCLUSIONS
In this paper, we propose a PAPR reduction method based on optimum basis function design for WPM systems. We first derive an upper bound for the PAPR. Using this result, the optimum basis function that minimizes the PAPR upper bound is then designed. Simulation results show that the proposed optimum basis function achieves significant PAPR reductions when compared to the conventional Daubechies basis function. Furthermore, it is also shown that the proposed basis function attains a superior PAPR-BW tradeoff over the conventional one. 
